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[ Sampte |

/ QuQStion Paper (Solved)

DIFFERENTIAL EQUATIONS

Time: 3 Hours |

[ Maximum Marks: 100

Note: Attempt the following questions.

Q.1.(a) Ifa=(,2) and b= (2, 0) are two point
in R?* then find |[x — y| and [3x — y| where x = a — 2b
andy=2a+b.

Ans. Ref.: See Chapter-1, Page No. 4, Q. No. 7.

2 2
. X~
) lim =2 —,
x—0 X + y
y—0

Ans. Ref.: See Chapter-2, Page No. 10, Q. No. 6.
Q.2.(a) Findf_, fJ " given that
S (x ,y) =sin xy
Ans. Ref.: See Chapter-4, Page No. 27, Q. No. 2.
o’f o f

(b) Verify that xdy B 3 4

for each of the

following functions.
Ans. Ref.: See Chapter-4, Page No. 31, Q. No. 12.

Q. 3. (a) Solve : (x4 + y4)dx— xp’dy =0

Ans. Ref.: See Chapter-7, Page No. 69, Q. No. 10.
dy

b) ——y=06cos2x

®) "7

Ans. Ref.: See Chapter-8, Page No. 77, Q. No. 7 (a).

1
Q. 4. (a) Verify if the function y = 1 sindx is a

unique solution of the initial value problem.
y'+16y=0

»0)=0,y(0)=1.
Ans. Ref.: See Chapter-10, Page No. 93, Q. No. 1.
(b) Solve the following equation:

X
, e
y = y+7,x e[l,oo[
Ans. Ref.: See Chapter-8, Page No. 76, Q. No. 4 (a).

Q. 5. Determine the general solution of the
following equations:

(@) —d2y+3ﬂ+2 =4x’

a P dx y

Ans. Ref.: See Chapter-11, Page No. 100,
Q. No. 2(a).
3
u+4ﬂ =X.
e’ dx
Ans. Ref.: See Chapter-11, Page No. 100,

Q. No. 2(b).
Q. 6. (a) Show that the orthogonal trajectories

(b

on the conicoid (x +y) z=1 of the conics in which it

is cut by the system of planes x —y +z =k (kis a

parameter) are the curves of intersection with the
1

1
surface x+t¢, =g+ —-—.
2z 6z

Ans. Ref.: See Chapter-14, Page No. 140,
Q. No. 7.

(b) An electric circuit consists of an inductance
of 0.1 henry, a resistence of 20 ohms and a condenser
of capacitance 25 microfarads. What will be the
form of the governing equation if there is a variable
electromagnetic force of 100 cos 200t volts?

Ans. Ref.: See Chapter-14, Page No. 141,
Q. No. 9.

Q. 7. (a) A function f : RZ > R, f(x, y) = x>+ xy
+»* then find out £ and /s

Ans. Ref.: See Chapter-3, Page No. 18,
Q. No. 1.
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(b) Let f: R* > R be defined by

1 if(x,y)# (0,0

feo )= {0 if (x, ) = (0,0

Show that £ (0, 0) as well as fy (0, 0) does not exist.

Ans. Ref.: See Chapter-3, Page No. 19,
Q. No. 9.

Q. 8. Solve the following equations:

@ () -4=0

Ans. Ref.: See Chapter-9, Page No. 85,
Q. No. 4 (a).

(b) x=y+alnp

Ans. Ref.: See Chapter-9, Page No. 85,
Q. No. 3 (b).

Q. 9. Solve the following equations:

(@ [(x+a)’D*-4(x+a)D+6]y=x

Ans. Ref.: See Chapter-12, Page No. 113,
Q.No. 9 (a).

() [(1+x)’D* +(1+x)D+1)y = 4cos[In(x+1)]

Ans. Ref.: See Chapter-12, Page No. 113,
Q. No. 9 (b).

Q. 10. (@) Find the general integral of (D>+ DD’
—2D")z=¢"*".

Ans. Ref.: See Chapter-16, Page No. 157,
Q. No. 16.

(b) Solve the following partial differential
equations:

(3DD'-2D'? - D)z =sin(2x + 3y)
Ans. Ref.: See Chapter-16, Page No. 158,

Q. No. 20.
Em
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DIFFERENTIAL
EQUATIONS

The Functions of Variables

INTRODUCTION

A real valued function f of x, y, z is a rule for
manufacturing a new number written f(x, y, z) from the
values of a sequence of independent variables x, y, z.

The function fis called a real valued function of
two variables if there are two independent variables, a
real valued function of three variables if there are three
independent variables and so on.

A vector valued function also required to as a vector
function, is a mathematical function of one or more
variables whose range is a set of multi dimensional
vectors. The input of a vector valued function could be
a scalar or a vector.

In this chapter, we define R” and describe its
algebraic structure. We also introduce the notion of a
distance between two points of R"” and deduce its
elementary properties. We define a function of several
variables and by giving various examples of such
functions.

CHAPTER AT A GLANCE

THE SPACE R"

Real valued functions of several independent real
variables are defined much the same way one would
imagine from the single variable case. The domains are
sets of ordered in tuples or real numbers. Let

"=, Xy e x ) X, ERI=1,2 003

Cartesian Product: The Cartesian product of two
set X and Y is defined to be the set of all points (x, y)
where x € X and y € Y. It is denoted by X x Y.

Thus X xY={(x,y) xe X,y e Y}

For Example: If X = (a, b, ¢) and Y = (c, d) then

XxY = {(a,c)(a,d) (b, ¢) (b, d) (c, c) (c,d)}

If X=R,Y=RthenXxY=RXR

=R?{(a,b)la e R,b e R}

If X, = Rforall i, 1 <i<nthen

X, x X, % X =RxRx ... xR (ntimes)

=R”

={@,a,..a)la eR, 1<i<n}
is called the Cartesian product of n-copies or R.

If A=(a, a,..a)is any point of R” then a, is
called ith co-ordinate or i-th component of A.
Algebraic Structure of R”

A zero vector denoted 0, is a vector of length 0 and
thus, has all component equal to zero. It is the additive
identity of the additive group of vectors.

Sum of two vectors: Consider two vectors in R”

X={X,X, ... x }
y=0py, )

We define the sum vector x + y as

x+y={x +y,x, *y,..x +y}

For example, consider R? the two vectors

x=1{7,8,9} and
y=12,4,7;
We have
x+ty={7+2,8+4,9+7}
=1{9,12, 16}

so x +y € R”, that is through the sum a new element of
R” has been structured.
We have therefore, introduced in R” two operations
sum and scalar multiplication.
Let x, y and z be three vectors in R”. We have
(i) x+y e R"(R"is closed with respect to the sum)
(i) x +y=y+x(Commutative Property)
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(iii) x+ 0 =x (existence of a neutral element for the
sum)
(iv) x + (—x) = 0 (existence of the opposite of each
vector)
Now the scalar multiplication: Let x, y € R" and
a, B € R. We have
(i) ax € R" (R” is closed with respect to scalar
multiplication)
(ii)) olx +y) = ox + oy (Distributive Property)
(iii) (o+P)x=oax+ Bx
(iv) a(Bx) = (af) x (Associative Property)
Distance in R": LetA= {a,a, ...a ) and
B={b,b,..b } betwo points R", then distance

A - B| = 1/Z(atl-—b,-)z if n =1 then |A — B
i=1

=, /(a _b)z . Show the distance between the points a
and b on the real line. If n = 2 then |A — B| =

\/(a1 —bl)2 +(a, —b, )2 Show the distance between

two points (@, a,) and (b,, b,) in Cartesian plane. If we
study in 3-dimensions would recognise for n =3 is

A=B|= (@, —5)* +(a, ~b,)* +(as —by)

Show the distance between two points (a,a, @,) and
(b, b, b,) in space.
Theorem 1 : (Cauchy’s Inequality): Ifa , a,...a ,
» b,, ... b are any 2n real numbers then

zn:a,-bi < ’zn:a,-z ’zn:bl-z
i=1 i=1 i=1

Proof: To prove this form of the inequality, consider
the following quadratic polynomial in z

(az+b)+..+(@z+h)

=[X(a).22+2(X(a.b).z+2(b)]

Since it is non-negative it has at most one real root
in z that is

(X (a,b))y—2a’.2b)<0

Which yields the Cauchy Inequality.

An equivalent proof for R” starts with the
summation below:

b,b

n n n n n 2
> (ab; = a./‘bi)2 = 2’y ‘(Z“ibz)
i=1 i=l i=l =l i=1

Because the left hand side of equation is a sum of
the squares of real number it is greater than or equal to
zero thus,

i"ibi < 1/2’1.%‘2 1/ibi2
i=1 i=1 i=1

and the proof is complete.

Theorem 2 : (Triangle Inequality) For any three
points x, y, z in R”

k—y[<kx—z[+]z-y]

Proof: We simply compute as follows:

et yf=(x +y) (x +y)
=R+ 2%y + P
< P+ 20yl P
< P+ 2l + P
Using Schwarz Inequality
b+ y[< [+ ]

If using three points x, y, z in R” then
f—yl=lx—2)+ -
e—yl=l—z[+]z-)

An n-dimensional open ball of radius r is the
collection of points of distance less than  from a fixed
point in euclidean n-space. Explicitly the open ball with
centre x and radius 7 is defined by

B(x)= {y:ly—x<r}

The open ball for n = 1 is called an open interval
and the term open disk is sometimes used for n = z.
FUNCTIONS FROM R” TO R™"

A real valued function of » variables is a function
that takes as input # real number, commonly represented
by the variables x,, x, ... x _for producing another real
number, the value of function commonly denoted f(x,,
Xy Xyonn X).

Let X be a non-empty subset of R” where n > 1. To
calculate D to R” is called a vector valued function of n
variable with domain D.

Letf: D > R”and

x={x,X,, ... x,} wherex € D,
S =,x, ... x)
Let x and y two variables which is belong to R,
then function
f(x, y)=sinx+cosy S fxy)eD
IfD=[-1, 1] x [-1, 1] the value of function
f(x, y)=sin"xcos'y

When D be open sphere radius 1 and centre (0, 0,

0) in R3 then

f(x, y z) is a real valued function of 3 variables
(x, ¥, z) with domain D.

Let /: R — R2 in a vector based function of one
variable then

www.neerajbooks.com
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S x)=(x,0)
If vector valued define 2 variables to 3 variables
function for (x, y) in R? > R3
g, y)=(x. 3 0)
If consider n variables for polynomial expression
then variables.
X=X,X,...X

12 e Ay

expression
ak k.. k.
where k, are non-negative integers.
The graph of the function f of two variables is the
set of points (x, 3, f(x, y)) in three dimensional space
where we restrict the values of (x, y) to lie in the domain

of /. In other words, the graph is the set of all the points
(x, y, z)y withz=f(x, y)

z
N

z=f(xy)

]7 (a bfa b)

>y
J‘ (a b)

Sum of Two Functions

Letf: X, = R"and g: X, = R" where X, and X,
are subset of R”. If X=X, m X, # ¢ then

(F+g () =/x)+gx)

function f'and g define sum of the two vector valued
functions (f + g)
Product of Two Functions

Letf: X, > R"and g : X, — R" then

X=X "X #0
where X, and X, are subset of R".
(fe) () =/ (x) g(x)

(fe) is the product of the two real valued functions
fand g.
Quotient of Two Functions

Suppose fand g be real value functions then
quotient of the functions f'and g is

)
(12) 0= "5,

where D = {x [x € D, g(x) # 0} # ¢.

X

THE FUNCTIONS OF VARIABLES / 3

CHECK YOUR PROGRESS

Q 1. Letx=a, +a,—2a,and y = 2a, — a,
+a,where a, a, a, are the unit vector. Find |x + 2y,
e+l

Sol. x+2y=(a, +a,-2a)+22a ~a,+a,)

=5a,—a,
=(5,-1,0)

b+ 2y = /5% +(-1)> = 26

Similarly

x+y=a ta,~2a,+2a ~a,+ta,
=3a,—a
=(3,0,-1)

b+ 3] = |32 + (1)
=J10-

Q. 2. Show that the closed sphere with centre
(2, 3, 7) and radius 10R? is contained in open cube.

P= {(x,y, Z} : |x_2| <1, Iy_3| <1, Iz_7| < 11}

Sol. We have

S={(x,yz} eR: | x-2)(y-3)(z-7)<10}

Now

53zt eS=J@-27+(y-32+(z-7) <10

=S>®-2*+@-3) +-7’<10

= x-2)"<10,(y-3)’<10,(z-7)< 10

= x-2|<10, y-3|<10,[]z—7] <10

=ScP

Q. 3. Verify the following for x = 3 and
y=102x-3y-5/<|2x-3|+ 3y + 2|

Sol. We have given

2x—=3y—5|<2x—=3|+ |3y + 2

For x =3, y =10 then

6—30-5/<]6-3]|+1[30+2]

= 29/ < 3]+ 32|
= 29<3+32
= 29 <35

Q. 4. Find fog and gof, if they exist for the
function given by
6y, 2)=(e5 In(x* +y* + 1), %)
8,y 2)=(x+y,2y,5z2)
Sol. We have
gof(x, y, z) = glf (x, y, 2)]
=gle’, In(x* +)* + 1), 2)
=(e* +In (x* + 3% +1), 2In (x* +?
+1), 52%)
and fog (x, y, z) = f (g (x, y2))
=f(x+y;2y,52)
= (e, In (x* + 57 + 2xy + 1), 252%)
Clearly fog (x, y, z) # gof (x, y, z)
Q.5. Leta=(1,2,3),b=(5,3,-2), c =

www.neerajbooks.com
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(2, -4, 1) be three points in R? find [2b — a + 3¢|
Sol. We have
2b—a+3c=(-10,6,-4)—(1,2,3)+ (6,
= (7 59 - 87 - 4)

~12,3)

S2b—a +3c|= \/(_5)2 +(=8)% +(— 4)?
= J25+64+16

105
Q. 6. Find the domain of the quotient of the
functions fand g given by f (x, y) = x> + 3y and g(x,

y)=4x-5y.
Sol. The quotient of the function fand g defined by
S(x,»)
02) (x, ) =
(7g) (x, ) 2(x,)
3 x*+3 y2
~ 4x-5y
and its domain is
R*~{x#0,y#0 ;tl ;tl}
X » ) s X 4° y 5

Q.7.1fa=(1,2) and b = (2, 0) are two point in
R? then find |x — y| and |3x — y| where x = @ — 2b and

y=2a+hb.
Sol. We have
x=y=a—-2b—-2a-b
=—a-3b
:_(1’2)_3(290)
s b
(=)= \(=7)* +(=2)?
=49+4
=53
and 3x—-y=3(a—-2b)—2a-b
=a-17b
=(1,2)-7(2,0)
=(-13,2)
3x—y1= {(=13)* +(2)
169 +4
173

Q. 8. Prove S1, S2, S3, S4 and SS by using the
corresponding properties of real numbers.
Sol S, ;x € R" where
{xl, » X, ... x } then
ax =(ax,, ax, * ax, ...ax }, ax € R
where 1 <i<r
S : ={x,x,.

y Wy, e

..x } and
v} then

alx +y)=alx,x, ...x)+ @,y ..»)

=alx, +y,x, ty,...x Ty)
=axtay.
S,: a(bx) = a(bx,, bx,, ... bx )
= a(bx)
= (ab)x. Forx eR”, ab € R.

S, (@a+bx=(a+b)(x,x

4 2’ 3 xn)
= (ax,, ax,, ax,

ax)+b(x1, S X))

=ax + bx. Forab e R,x e R”
S,: ax=0VxeR"
when x=1{1,0,0, ... 0} then
ax=0
= a=0

This is true V x € R”

Q.9.Lete,=(3,,5,, ..
the Kronecker symbol, (8 =0if i # J» 9,
vectors in R”. Prove that any x=(x
be written uniquely as

x= inei

e,, .« e, are called the unit vectors along the
co-ordinate axes.

, 9, ),l<t<nwhere8 is
=1 be n
>+ »X,) INR” can

Sol. e, =(1,0,..)
e,=(0,1,0..)
e,=(0,0,. )
Let x=(x, X, .. x) € R” then
xe txet..xe=x(1,0.)+x(0,1,0..)+..
+x (0,0..)

=(x,x,...x)

¥
sox € R, x= zxiei
i=1
Q. 10. Lete=(1,0), f=(1,1) be in R%
Find [x—y|,|2x—y|,|x | wherex=e+f, y=2e
+ 3f.
Sol. x=e+f=(1,0)+(1,1)
=2, 1)
y=2e+3f=2(1,0)+3(1,1)
=(2,0)+(3,3)
=(5,3)
x—y=(2,1)-(53)
=(3.-2)

== (=3) +(=2)?
=13
2x —y) = (1, -D)|
=2
=12, 1|

-\
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